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PRODUCTS OF CHARACTERS WITH FEW IRREDUCIBLE
CONSTITUENTS
EDITH ADAN-BANTE
Abstract. We study the solvable groups G that have an irreducible character
χ ∈ Irr(G) such that χχ has at most two non-principal irreducible constituents.
1. Introduction
Let G be a finite group. Denote by Irr(G) the set of irreducible complex char-
acters of G. Let 1G be the principal character of G. Denote by [Θ,Φ] the inner
product of the characters Θ and Φ ofG. Through this work, we will use the notation
of [5].
Let χ ∈ Irr(G). Define χ(g) to be the complex conjugate χ(g) of χ(g) for all
g ∈ G. Then χ is also an irreducible complex character of G. Since the product of
characters is a character, then χχ is a character of G. So it can be expressed as an
integral linear combination of irreducible characters. Now observe that
[χχ, 1G] = [χ, χ] = 1
where the last equality holds since χ ∈ Irr(G). Assume now that χ(1) > 1. Then the
decomposition of the character χχ into its irreducible constituents α1, α2, . . . , αn
has the form
χχ = 1G +
n∑
i=1
miαi
where mi > 0 is the multiplicity of αi. Set η(χ) = n. Thus η(χ) is the number of
distinct non-principal irreducible constituents of χχ.
In Theorem A of [1], it is proved that there exist universal constants C and
D such that for any finite solvable group G and any χ ∈ Irr(G), we have that
dl(G/Ker(χ)) ≤ Cη(χχ) + D. In Theorem B of [1], it is proved that if G is a
finite solvable group and χ ∈ Irr(G), then χ(1) has at most η(χ) distinct prime
divisors. If, in addition, G is supersolvable, then χ(1) is the product of at most
η(χ) − 1 primes. The purpose of this note is to study the solvable groups G that
have faithful character χ ∈ Irr(G) such that η(χ) ≤ 2.
Let G be a solvable group and χ ∈ Irr(G) be a faithful character. Assume that
η(χ) = 1, i.e χχ = 1G +mα for some α ∈ Irr(G) and some integer m > 0. Since
χχ and 1G are real characters, so is α. Thus G has an irreducible real character.
Therefore G has even order. More can be said in that regard and Theorem A
“classifies” those groups.
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Theorem A. Let G be a finite solvable group and χ ∈ Irr(G) be a faithful character.
Assume that
(1.0.1) χχ = 1G +mα
for some α ∈ Irr(G) and some positive integer m. Set Z = Z(G). Let E/Z be a
chief factor of G. Set G¯ = G/E. Then m = 1, χ(1)2 = |E : Z| and one of the
following holds:
(i) χ(1) = 2 and G/Z ∼= A4 or G/Z ∼= S4.
(ii) χ(1) = 3 and either G¯ ∼= Q8 or G¯ ∼= SL(2, 3).
(iii) χ(1) = 5 and G¯ ∼= SL(2, 3).
(iv) χ(1) = 7 and G¯ ∼= G˜L(2, 3).
(v) χ(1) = 9, F(G¯) is an extra-special group of order 25, namely the central prod-
uct of the quaternion group Q8 and the dihedral group of order 8, |F2(G¯)/F(G¯)| = 5
and G¯/F2(G¯) is a subgroup of the cyclic group of order 2.
We can check that in all the cases given by Theorem A we have that |G : Z| ≤
25920. Assume now that G is a solvable group, χ ∈ Irr(G) is a faithful character
and η(χ) = 2. In such situation, the index of the center Z of G in G is not longer
bounded by a universal constant, not even if in addition the group is nilpotent (see
Subsection 4.4). But the derived length dl(G) is at most 18 and we have more
information regarding the structure of the group G.
Theorem B. Let G be a finite solvable group and χ ∈ Irr(G) be a faithful character.
Assume
χχ = 1G +m1α1 +m2α2
where α1, α2 ∈ Irr(G) are non-principal characters, m1 and m2 are strictly positive
integers. Let Z be the center of G. Then
(i) The order of G is even.
(ii) dl(G) ≤ 18.
(iii) Either Ker(α1) = Z or Ker(α2) = Z. If Ker(α1) and Ker(α2) are both
abelian subgroups, then χ(1) is a power of a prime number. Otherwise {m1,m2} =
{1, 4} and χ(1) ∈ {10, 14}.
Propositions 4.2.5, 4.2.9 and 4.2.13 describe with more detail the possible struc-
ture of the group G. Examples of groups and characters satisfying the hypotheses
of Theorem B are studied in Subsection 4.3.
Acknowledgment. This is part of my Ph.D. Thesis. I thank Professor Everett
C. Dade, my adviser, for his advise, suggestions and generosity with his time. I
thank Professor I. Martin Isaacs for suggesting the question that started my studies
in products of characters. I would also like to thank the mathematics department
of the University of Wisconsin, at Madison, for their hospitality while I was visiting
Professor Isaacs, and the mathematics department of the University of Illinois at
Urbana-Champaign for their support.
2. Vector spaces
B. Huppert classified all the solvable groups that act faithfully on a finite vector
space V and transitively on V # = V \ { 0} (see Lemma 2.1.2). If in addition V is
a symplectic vector space and the action of G on V preserves the symplectic form,
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the structure of the group G must be very constrained. We will classify the solvable
groups G such that G can act faithfully on a symplectic vector space preserving the
symplectic form and acting transitively on V #.
In Subsection 2.1 we mention the results that we use in the proof of Theorem
2.2.1, the main result of this section.
2.1. Preliminaries. Let V be a vector space of dimension n over GF(q). We may
assume that V is GF(qn), the Galois field with qn elements, since GF(qn) is a vector
space of dimension n over GF(q). Let G = Gal(GF(qn)/GF(q)) be the group of
automorphism of the field GF(qn) fixing GF(q). Then the semi-linear group Γ(V )
of V is
Γ(V ) = {x 7→ axσ |a ∈ (GF(qn))#, σ ∈ G}
Observe that
(2.1.1) U = {x 7→ ax |a ∈ (GF(qn))#}
is a normal subgroup of Γ(V ). Also observe that U ∼= (GF(qn))#, the group of
units of the field GF(qn). So U is a cyclic subgroup of Γ(V ) of order qn− 1. Recall
that G is a cyclic group of order n. Observe that Γ(V )/U ∼= G. Therefore Γ(V )/U
is a cyclic group of order n.
Lemma 2.1.2 (B. Huppert). Let V be a vector space of dimension n over GF(q),
where q is a prime power. Suppose that G is a solvable subgroup of GL(V ) that
transitively permutes the elements of V #. Let F(G) be the Fitting subgroup of G.
Then one of the following holds:
(i) G is isomorphic to a subgroup of Γ(V ).
(ii) qn = 34, F(G) is extra-special of order 25, |F2(G)/F(G)| = 5 and G/F2(G) ≤
Z4.
(iii) qn = 32, 52, 72, 112 or 232. Here F(G) = QT , where T = Z(G) ≤
Z(GL(V )) is cyclic, Q8 ∼= Q E G, T ∩ Q = Z(Q) and Q/Z(Q) ∼= F(G)/T is a
faithful irreducible G/F(G)-module. We also have one of the following entries:
qn |T | G/F(G)
32 2 Z3 or S3
52 2 or 4 Z3
52 4 S3
72 2 or 6 S3
112 10 Z3 or S3
232 22 S3
Proof. See Theorem 6.8 of [9]. 
Let V be a finite dimensional vector space over the field F . We say that V is
a symplectic vector space if there exists a non-degenerate, alternating and bilinear
form f on V .
We denote by Sp(V ) the group of automorphism of V preserving the symplectic
form f . We denote by Sp(n, q) the group of automorphism of a n-dimensional
symplectic vector space over GF(q). The following is a list of well known results
that we will use later.
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Lemma 2.1.3. Let Sp(2, q) be the symplectic group where (q, 2) = 1. Then
(i) Sp(2, q) = SL(2, q).
(ii) |Z(SL(2, q))| = 2.
(iii) If q > 3, then SL(2, q) is not a solvable group.
(iv) | SL(2, q)| = q(q2 − 1).
(v) SL(2, 3) ∼= Q8 ⋊ Z3.
(vi) SL(2, 3) is isomorphic to a subgroup of SL(2, 5).
(vii) The 2-Sylow subgroups of GL(2, 3) are isomorphic to the semi-dihedral group
of order 16.
(viii) For q odd, the 2-Sylow subgroups of SL(2, q) are isomorphic to generalized
quaternion groups.
Definition 2.1.4. We define G˜L(2, 3) as the group given by the following repre-
sentation
< x, y, z | x8 = 1, y2 = x4, z3 = 1, xy = x−1, zx = x2yz−1, (x2)z = y > .
Lemma 2.1.5. G˜L(2, 3) is not isomorphic to GL(2, 3). Also G˜L(2, 3) has a sub-
group of index 2 isomorphic to SL(2, 3), and F(G˜L(2, 3)) ∼= Q8.
Proof. We can check that the subgroup generated by x and y is a 2-Sylow subgroup
of G˜L(2, 3) and is isomorphic toQ16. Thus GL(2, 3) and G˜L(2, 3) are not isomorphic
since a 2-Sylow subgroup of GL(2, 3) is isomorphic to the semi-dihedral group of
order 16.
Observe that F(G˜L(2, 3)) = Q8, namely the subgroup generated by x
2 and
y. Also observe that the subgroup generated by x2, y and z is isomorphic to
SL(2, 3). 
The group G˜L(2, 3) is the isoclinic group of GL(2, 3).
Lemma 2.1.6. The group SL(2, 7) has a subgroup isomorphic to G˜L(2, 3). Also,
any subgroup of order 48 in SL(2, 7) is isomorphic to G˜L(2, 3).
Proof. Let x, y, z ∈ SL(2, 7) be the matrices
x =
(
2 2
5 2
)
, y =
(
3 2
2 4
)
, z =
(
4 0
1 2
)
.
We can check that they satisfy the relations given in Definition 2.1.4. Thus SL(2, 7)
has a subgroup isomorphic to G˜L(2, 3), mainly the group generated by x, y and z.
Let H be a subgroup of SL(2, 7) of order 48. Then H is a maximal subgroup of
SL(2, 7). We can check using the Atlas that the maximal subgroups of SL(2, 7) of
order 48 are all isomorphic. 
2.2. Transitive actions and symplectic vector spaces.
Theorem 2.2.1. Let G be a finite solvable group. Let V be a symplectic vector
space of dimension n over GF(q), where q is a power of a prime number. Assume
that V is a faithful G-module and the action of G on V preserves the symplectic
form. Also assume that G acts transitively on V #. Set e2 = |V | = qn. Let F(G)
be the Fitting subgroup of G and F2(G)/F(G) be the Fitting subgroup of G/F(G).
Then one of the following holds:
(i) e = 2 and G ∼= Z3 or G ∼= S3.
(ii) e = 3, and either G ∼= Q8 or G ∼= SL(2, 3).
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(iii) e = 5 and G ∼= SL(2, 3).
(iv) e = 7 and G ∼= G˜L(2, 3).
(v) e = 9, F(G) is an extra-special group of order 25, namely the central product
of the quaternion group Q8 and the dihedral group of order 8, |F2(G)/F(G)| = 5
and G/F2(G) is a subgroup of the cyclic group of order 2.
Observe that the hypothesis of Theorem 2.2.1 implies the hypothesis of Lemma
2.1.2. Thus either (i), (ii) or (iii) of Lemma 2.1.2 holds. We will analyze each case
given by the conclusion of Lemma 2.1.2.
Lemma 2.2.2. Let C be a cyclic group, |C| = n. Let V be a finite symplectic
vector space. Assume C acts on V preserving the symplectic form. Assume that V
is an irreducible and faithful C-module. Set |V | = e2. Then n divides e + 1.
Proof. See [4], Satz 9.23. 
We say that a group G acts Frobeniusly on a vector space V if every nontrivial
element of G acts fixed-point-free on V .
Lemma 2.2.3. Let V be a finite symplectic vector space. Let G be a finite solv-
able group that acts faithfully, irreducibly and symplectically on V . Set |V | = e2.
Assume F(G) acts Frobeniusly on V . Let M be a normal cyclic subgroup of F(G).
Then |M | ≤ e + 1.
Proof. Set F = F(G). Since F is normal in G, by Clifford theory we have that V
decomposes as a direct sum of irreducible F -modules, each of the same size.
Our hypothesis is that F acts Frobeniusly on V . Assume that V is not an ir-
reducible F -module. By Clifford theory we have that V decomposes as a direct
sum of at least 2 irreducible F -modules, each of the same size. Since F acts Frobe-
niusly on V , we have that |F | ≤ |U |, where U is one of the irreducible components
of the F -module V . Thus |F | ≤ e. Since M is a subgroup of F , it follows that
|M | ≤ e < e+ 1.
We may assume that V is an irreducible F -module. By hypothesis, we have that
V is a symplectic space and that G acts on V preserving the symplectic form. If
V is not an irreducible M -module, then as before we can conclude that |M | ≤ e.
So we may assume that V is an irreducible M -module. Then by Lemma 2.2.2 we
have that |M | divides e+ 1. 
Lemma 2.2.4. Assume G is a finite solvable group. Then
|G| divides |Aut(F(G))||Z(F(G))|.
Proof of Theorem 2.2.1. Since the hypothesis of Theorem 2.2.1 implies the hypoth-
esis of Lemma 2.1.2, we will study the cases given by the conclusion of Lemma 2.1.2.
Claim 2.2.5. e2 − 1 = qn − 1 divides the order of G.
Proof. By Hypothesis, G acts transitively on V # and e2 = |V |. Therefore e2 − 1
divides the order of G. 
Claim 2.2.6. Assume that G is a subgroup of the semi-linear group Γ(V ). Also
assume that G acts transitively on V #. Set H = G ∩ U , where U is as in (2.1.1).
Then H is a normal cyclic subgroup of G and G/H acts faithfully on H.
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Proof. Since U is a normal cyclic subgroup of Γ(V ), we have that H = U ∩G is a
normal cyclic subgroup of G. Since Γ(V )/U is a cyclic group of order n, G/H is a
cyclic group of order a divisor of n.
Since H is a cyclic normal subgroup of G, we have that G/H acts on H by
conjugation. Suppose that G/H does not act faithfully on H . Let K/H be the
kernel of the action and t = |K/H |. Thus G/K acts faithfully on H . Since H
is cyclic, |G/K| divides ϕ(|H |), where ϕ is the Euler function. Since K/H is the
kernel of the action of G/H on H , t = |K/H | and G/H is isomorphic to a subgroup
of G, we have that H is isomorphic to a subgroup of the group of units (GF(qn/t))#
of a subfield of GF(qn). Thus |H | divides qn/t − 1. Therefore we have that
(2.2.7) |G| divides (qn/t − 1)tϕ(qn/t − 1).
Observe that qn − 1 = (qn/t − 1)(q
(t−1)n
t + q
(t−2)n
t + · · ·+ 1). Thus by (2.2.7) and
Claim 2.2.5 we have that
(2.2.8) (q
(t−1)n
t + q
(t−2)n
t + · · ·+ 1) divides tϕ(qn/t − 1).
Observe that 1 + q
2n
t > 2qn/t since (1− qn/t)2 > 0. If t > 2, we have that
q
(t−1)n
t + q
(t−2)n
t + · · ·+ 1 > tqn/t > tϕ(qn/t − 1).
That can’t hold by (2.2.8). Thus t = 2. If q is odd, then qn/2 − 1 is even. That
implies
ϕ(qn/2 − 1) ≤
1
2
(qn/2 − 1).
But then
qn/2 + 1 > qn/2 − 1 ≥ 2ϕ(qn/2 − 1).
By (2.2.8) we conclude that q must be even. Since ϕ(qn/2−1) ≤ qn/2−1, by (2.2.8)
we have that
qn/2 + 1
∣∣ 2ϕ(qn/2 − 1) ≤ 2(qn/2 − 1).
Thus qn/2 + 1 = 2ϕ(qn/2 − 1) and q can not be even. Therefore t = 1 and so the
action of G/H on H is faithful. 
Case 2.2.9. Assume (i) of Lemma 2.1.2, i.e., assume G is a subgroup of the semi-
linear group Γ(V ). Then
(i) e = 2 and G ∼= Z3 or G ∼= S3.
(ii) e = 3 and G ∼= Q8.
Proof. By Claim 2.2.6, we have that H = G ∩ U is a normal cyclic subgroup of G
and G/H acts faithfully on H .
Because H is cyclic, we have then |Aut(H)| = ϕ(|H |), where ϕ is the Euler
function. Since G/H acts faithfully on H , we have that
|G| ≤ |H |ϕ(|H |).
If |H | is not a prime number and |H | 6= 4 , then ϕ(|H |) ≤ |H | − 3. By Lemma
2.2.3 we have that |H | ≤ e+ 1. So
ϕ(|H |) ≤ |H | − 3 ≤ e+ 1− 3 < e− 2.
But then |G| ≤ |H |ϕ(|H |) < e2 − 1, a contradiction with Claim 2.2.5. So we can
assume that either |H | is a prime number or |H | = 4.
Suppose that |H | is a prime number q. Then by Lemma 2.2.3 we have that
q ≤ e+ 1. If q < e+ 1, then q ≤ e and
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|G| ≤ |H |ϕ(|H |) = q(q − 1) ≤ e(e− 1) < e2 − 1.
But that is a contradiction with Claim 2.2.5. Thus q = e + 1. Observe that
q(q − 2) = e2 − 1. Because of Claim 2.2.5, we have that q(q − 2) = e2 − 1 divides
q(q − 1) . Since e > 1, q = 3 and e = 2. Thus |H | = 3 if |H | is a prime number.
It remains to consider |H | = 4. By Lemma 2.2.4 |G| divides |H |ϕ(|H |) = 8. By
Claim 2.2.5, we have that e2−1 divides |G|. Since |G| divides 8, then e2−1 = |V #|
is 2, 4 or 8. Since V is a symplectic vector space, |V | = q2 for some power of a
prime q. It follows that |V #| = 8 and G ≤ SL(2, 3). Thus G ∼= Q8. 
Case 2.2.10. Assume case (ii) of Lemma 2.1.2. Then
(v) qn = 34, F(G) is extra-special of order 25, |F2(G)/F(G)| = 5 and G/F2(G) ≤
Z2.
Proof. Since G acts symplectically and faithfully on a vector space V and |V | = 34,
we have that G is isomorphic to a subgroup of Sp(3, 4). Using the Atlas, we can
check that G/F2(G) ≤ Z2. 
Case 2.2.11. Assume case (iii) of Lemma 2.1.2. Then e ∈ {5, 7}. Furthermore
one of the following holds
(ii) e = 3 and G ∼= SL(2, 3).
(iii) e = 5 and G ∼= SL(2, 3).
(iv) e = 7 and G ∼= G˜L(2, 3).
Proof. By Lemma 2.1.2 (iii), we have that e2 ∈ {32, 52, 72, 112, 232}. Thus G ≤
Sp(2, e). Recall that F(G) = Q8T , where T ≤ Z(GL(V )). Thus T = Z(GL(V )) ∩
Sp(2, e) = Z(Sp(2, e)). Since Sp(2, e) = SL(2, e) and |Z(SL(2, e))| = 2 by Lemma
2.1.3 (i) and (iii), we have that |T | = 1 or |T | = 2. Since T ∩Q8 = Z(Q8), it follows
that T = Z(Q8). Thus F(G) = Q8.
Since Aut(Q8) ∼= S4 (see Exercise 5.3.4 of [7]), we have that |Aut(Q8)| = 24.
Since Z(Q8) is cyclic of order 2, by Claim 2.2.4 we have that |G| is a divisor of 48.
By Claim 2.2.5 we have that e2 − 1 has to divide 48. Therefore e ∈ {3, 5, 7}.
By hypothesis G is isomorphic to a subgroup of Sp(V ). Recall that |V | = e2.
By Lemma 2.1.3 we have that SL(2, e) = Sp(2, e). Thus if e = 3 then |G| divides
| SL(2, 3)| = 24. Since G acts transitively on a set of 8 elements, we have that 8
divides |G|. Since Q8/Z(Q8) ∼= F(G)/T is a faithful irreducible G/F(G)-module,
it follows that G ∼= SL(2, 3).
If e = 5, then G is isomorphic to a solvable subgroup of SL(2, 5). By Claim
2.2.5 we have that the order of G is divisible by 24 = e2 − 1. Since SL(2, 5) is not
solvable (see Lemma 2.1.3 (iii) ) and | SL(2, 5)| = 5 × 24, we have that |G| = 24.
Since F(G) ∼= Q8, and |G| = 24, we have that G ∼= SL(2, 3).
Similarly, if e = 7, G is isomorphic to a subgroup of SL(2, 7). By Claim 2.2.5 we
have that G is a solvable group of order divisible by 48 = 72 − 1. Since SL(2, 7) is
not a solvable group (see Lemma 2.1.3 (iii) ) and | SL(2, 7)| = 7× 48 we have that
|G| = 48. By Lemma 2.1.6, we have that G ∼= G˜L(2, 3). 
We have analyzed all the cases given in the conclusion of Lemma 2.1.2. So we
have finished the proof. 
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3. Theorem A
Our main result of this section is Theorem A. In Proposition 3.3.5, for each case
(i) to (v) in the conclusion of Theorem A, we will give an example of a solvable
group and a faithful character χ ∈ Irr(G) satisfying the conditions in that case.
3.1. General results. All the results in this section are proved in [1].
Lemma 3.1.1. Assume that G is a finite group. Let L and N be normal subgroups
of G such that L/N is an abelian chief factor of G. Let θ ∈ Irr(L) be a G-invariant
character such that θN is reducible. Then
θθ = 1LN +Φ
where Φ is either the zero function or a character of L and [ΦN , 1N ] = 0.
Proof. See Lemma 4.1 of [1]. 
Lemma 3.1.2. Assume that G is a finite group and χ ∈ Irr(G) is a faithful char-
acter. Let {αi ∈ Irr(G)
# | i = 1, . . . , n} be the set of non-principal irreducible
constituents of χχ. Then
Z(G) =
n⋂
i=1
Ker(αi).
Proof. See Lemma 5.1 of [1]. 
Lemma 3.1.3. Assume that G is a finite solvable group and χ ∈ Irr(G) with
χ(1) > 1. Let {αi ∈ Irr(G)
# | i = 1, . . . , n} be the set of non-principal irreducible
constituents of χχ. If Ker(αj) is not properly contained in Ker(αi) for all i, then
[χχ, αj ] = 1. Thus 1 ∈ {[χχ, αi] | i = 1, . . . , n}.
Proof. See Theorem C of [1]. 
3.2. Proof of Theorem A. We will need two lemmas in the proof of Theorem A.
These results are well known.
Lemma 3.2.1. Let G be a solvable group with cyclic center Z(G). Assume that
E/Z(G) is a chief factor of G. If E/Z(G) is a fully ramified section with respect
to some Λ ∈ Irr(E), then CG(E/Z(G)) = ECG(E). Also E/Z(G) is a symplectic
vector space and the conjugate action of G on E/Z(G) preserves the symplectic
form.
Lemma 3.2.2. Let G be a group and H be a subgroup of G. If χ ∈ Irr(G) and
χH ∈ Irr(H), then CG(H) ≤ Z(χ).
Proof of Theorem A. Lemma 3.1.3 implies that m = 1.
Since χ is a faithful character, we have that Z(χ) = Z(G) = Z. By Lemma 3.1.2
we have that Ker(α) = Z.
Claim 3.2.3. Let N be a normal subgroup of G. Then χN ∈ Irr(N) or N ≤ Z.
Proof. Assume N is not contained in Z. Since Ker(α) = Z and N is normal in
G, we have that [αN , 1N ] = 0. We conclude that [(χχ)N , 1N ] = 1. Thus χN is an
irreducible character of N . 
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Claim 3.2.4. Let E/Z be a chief factor of G. Let λ ∈ Irr(Z) be such that [λ, χZ ] 6=
0. Then χE and λ are fully ramified with respect to E/Z. Therefore E/Z is a
symplectic vector space and G acts on it preserving the symplectic form. Also
χ(1)2 = |E : Z|.
Proof. By Claim 3.2.3, we have that χE ∈ Irr(E). By (1.0.1) we have that
χ(1)2 = 1 +mλ(1)
and therefore χ(1) > 1. By hypothesis, G is solvable and so E/Z is abelian. Since
Z = Z(G) and χZ reduces, by Theorem 6.18 of [5] we have that χE is fully ramified
with respect to E/Z. Thus χZ = eλ, where e
2 = |E : Z|. In particular, we have
that e = χ(1). 
Claim 3.2.5. (χχ)E = 1
E
Z .
Proof. Since χ(1)2 = |E : Z|, by Lemma 3.1.1 we get the claim. 
Claim 3.2.6. CG(E/Z) = E. Thus G/E acts symplectically and faithfully on
E/Z, transitively on (E/Z)
#
.
Proof. By Lemma 3.2.1 we have that CG(E/Z) = ECG(E). If CG(E) 6= Z, then
Claim 3.2.3 implies that χCG(E) ∈ Irr(CG(E)). By Lemma 3.2.2 we have that
E ≤ CG(CG(E)) ≤ Z(χ) = Z(G) = Z < E.
We conclude that CG(E) = Z. Thus E = CG(E/Z). Therefore G/E acts faithfully
on E/Z.
By Claim 3.2.5 we have that αE = 1
E
Z − 1E. Since E is normal in G and
α ∈ Irr(G), by Clifford theory we have that G acts transitively on the set
Irr(EmodZ)# = {γ ∈ Irr(E) | γ 6= 1,Ker(γ) ≥ Z}.
Therefore by Lemma 5.2 of [3], we have that G acts transitively on (E/Z)#. The
rest follows from Claim 3.2.4 
Claim 3.2.7. Set G¯ = G/E. Then one of the following holds
(i) e = 2 and either G ∼= S3 or G ∼= Z3.
(ii) e = 3 and either G¯ ∼= Q8 or G¯ ∼= SL(2, 3).
(iii) e = 5 and G¯ ∼= SL(2, 3).
(iv) e = 7 and G¯ ∼= G˜L(2, 3).
(v) e = 9, F(G¯) is an extra-special group of order 25, namely the central product
of the quaternion group Q8 and the dihedral group of order 8, |F2(G¯)/F(G¯)| = 5
and G/F2(G¯) is a subgroup of the cyclic group of order 2.
Proof. By Claim 3.2.6 we have the hypotheses of Theorem 2.2.1. The rest follows
from Theorem 2.2.1. 
Since e2 = |E/Z| and χ(1) = e, Theorem A follows from Claim 3.2.7. 
3.3. Examples. The following is a set of examples of solvable groups with ir-
reducible characters that satisfy the hypotheses of Theorem A. We will use the
notation of Theorem A in this subsection. We will start with some lemmas that we
will use in the construction of some of the examples.
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Lemma 3.3.1. Let E be an extra-special group of order p2n+1 and exponent p, for
some odd prime p. Observe that E/Z(E) is a vector space of dimension 2n over
GF(p) with a symplectic form. Then the following short exact sequence
0→ Inn(E)→ Aut(EmodZ(E))→ Sp(2n, p)→ 0
splits.
Proof. See [8] 
Lemma 3.3.2. Let G be a finite group. Let E/Z(G) be an abelian chief factor of
G. Assume that the action by conjugation of G/E on (E/Z(G))# is transitive. Let
χ ∈ Irr(G) be a faithful character of G. Assume that χE ∈ Irr(E) and χ(1) > 1.
Then χ satisfies (1.0.1), i.e. η(χ) = 1.
Proof. Set Z = Z(G). Let λ ∈ Irr(Z) be a character of Z such that [χZ , λ] 6= 0.
Since χE ∈ Irr(E) and Z = Z(G) ≤ Z(E), by Corollary 2.30 of [5] we have that
χ(1)2 ≤ |E : Z|. Observe that χZ is a reducible character since χ(1) > 1 and Z =
Z(G) is abelian. Observe also that 1EZ (1) = |E : Z| ≥ χ(1)
2. Since χ(1)2 ≤ |E : Z|,
by Lemma 3.1.1 we conclude that
(3.3.3) (χχ)E = 1
E
Z .
In particular, χ(1)2 = |E : Z|.
Let α ∈ Irr(G)# be such that [α, χχ] 6= 0. Observe such α exists since χ(1) >
1. By Lemma 3.1.2, we have that Ker(α) ≥ Z. By (3.3.3) we have that E is
not contained in Ker(α). Thus the irreducible constituents of αE are elements of
Irr(EmodZ)#. By Clifford theory we have that the irreducible constituents of
αE are G-conjugate. Our hypothesis is that G/E acts transitively on (E/Z)
#.
Thus G/E acts transitively on the set Irr(EmodZ)#. We conclude that the set
of irreducible constituents of αE is Irr(EmodZ)
#. Therefore α(1) ≥ |E : Z| − 1.
Since χ(1)2 = |E : Z|, α is an irreducible constituent of χχ, α(1) ≥ |E : Z| − 1 and
[1G, χχ] = 1, we have that
χχ = 1G + α.

Lemma 3.3.4. Assume the notation of Theorem A. Let p ∈ {3, 5, 7}. There exists
a group G that satisfies the hypotheses of Theorem A and such that χ(1) = p and
|G : Z(G)| = p2 × (p2 − 1). In particular
(i) If p = 3, then G¯ ∼= Q8.
(ii) If p = 5, then G¯ ∼= SL(2, 3).
(iii) If p = 7, then G¯ ∼= G˜L(2, 3).
Proof. Let E be an extra-special group of order p3 and exponent p, where p ∈
{3, 5, 7}.
Observe that SL(2, 3) has a subgroup of order 8, namely the quaternion group
Q8. We can check that SL(2, 5) has a subgroup isomorphic to SL(2, 3) (see Lemma
2.1.3 (v)), and thus has a subgroup of order 24. Also SL(2, 7) has a subgroup of
order 48, namely G˜L(2, 3) (see Lemma 2.1.6). Thus for p ∈ {3, 5, 7}, there exists a
solvable subgroup H of SL(2, p) of order p2 − 1.
Set V = E/Z(E). Observe that V is a vector space of dimension 2 over GF (p)
and V has a symplectic form, namely (v, u) 7→ [v, u]. Denote by Sp(2, p) the
group of automorphisms of V that preserves the symplectic form of V . Since
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SL(2, p) = Sp(2, p) (see Lemma 2.1.3 (i)), we may assume that H is a subgroup of
Sp(2, p). By Lemma 3.3.1 we may assume that H ≤ Aut(EmodZ(E)). We can
check that H acts transitively on V #.
Let G = H⋉E be the semidirect product of E byH . Observe that Z(G) = Z(E).
Set Z = Z(G). Let Λ ∈ Irr(E) be a character of degree p. Observe that Λ is a
G-invariant character. Since (|H |, |E|) = 1, and Λ is a G-invariant character, Λ
extends to G (see Theorem 13.3 of [5]). Let χ ∈ Irr(G) be an extension of Λ.
Observe that Ker(χ) is a normal subgroup of G and acts on E by conjugation.
Thus Ker(χ) is normal in Ker(χ)E. Since E is also normal in Ker(χ)E, we have
Ker(χ) ≤ CG(E) ≤ E. Since Ker(χ) ∩ E = Ker(Λ) = 1, it follows that χ is a
faithful character.
Observe that we have the hypothesis of Lemma 3.3.2. Thus the result follows
from that Lemma. 
Proposition 3.3.5. For each of the cases (i) - (v) in the conclusion of Theorem
A, there exists a solvable group and a faithful character χ ∈ Irr(G) satisfying the
conditions in that case.
Proof. (i) Let G = GL(2, 3) and χ ∈ Irr(G) be a character of degree 2. We can
check that χ satisfies (1.0.1). We can check that G/Z(G) ∼= S4.
Let G = SL(2, 3) and χ ∈ Irr(G) be a character of degree 2. We can check that
χ satisfies (1.0.1). We can check that G/Z(G) ∼= A4.
(ii) Lemma 3.3.4 gives us a solvable group satisfying (ii) of Theorem A with
G¯ ∼= Q8. It remains to prove that there exist a group G and a faithful character χ
satisfying (ii) such that G¯ ∼= SL(2, 3).
Let E be an extraspecial group of order 27 and exponent 3. Then E/Z(E) = V
may be regard as a vector space of dimension 2 over GF(3), the finite field with 3
elements. Observe that SL(2, 3) acts on V transitively. By Lemma 2.1.3 (i) we have
that SL(2, 3) = Sp(2, 3). Also by Lemma 2.1.3 (v), we have that SL(2, 3) ∼= Q8⋊Z3.
We will assume that SL(2, 3) = Q8 ⋊ Z3 By Lemma 3.3.1 we may regard SL(2, 3)
as a subgroup of Aut(EmodZ(E)).
Let G = SL(2, 3) ⋉ E. Observe that E/Z is a chief factor of G since SL(2, 3)
acts transitively on (E/Z)#. Let Λ ∈ Irr(E) be a character of degree 3. Observe
that Λ is G-invariant. Since (|Q8|, |E|) = 1 and Λ is G-invariant, we have that Λ
extends to Q8 ⋉ E. Since Z3 is cyclic and Λ is G-invariant, Λ extends to Z3 ⋉ E.
Thus Λ extends to G (see Corollary 11.31 of [5]). Let χ ∈ Irr(G) be an extension
of Λ. We can check that χ is a faithful character. By Lemma 3.3.2 it follows that
η(χ) = 1 and we are done with this case.
(iii) and (iv) This is Lemma 3.3.4 (ii) and (iii).
(v) Using the Atlas, we can check that Sp(4, 3) has a subgroupH such that F(H)
is an extra-special group of order 25, namely the central product of the quaternion
group Q8 and the dihedral group of order 8, |F2(H)/F(H)| = 5 and H/F2(H) is a
subgroup of the cyclic group of order 2.
Let E be an extraspecial group of order 35 and exponent 3, and let Λ ∈ Irr(E) be
a character with degree 9. By Lemma 3.3.1, we may assume that H is a subgroup
of Aut(EmodZ(E)). Set G = H ⋉ E. Observe that Λ is G-invariant. Since
(|H |, |E|) = 1 and Λ is G-invariant, Λ extends to G. Let χ ∈ Irr(G) be an extension
of Λ. Lemma 3.3.2 implies that (1.0.1) holds for χ and so we are done. 
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4. Theorem B
In this section we study the solvable groups G that have an irreducible char-
acter χ such that χχ has exactly 2 distinct non-principal irreducible constituents.
Theorem B will be proved in Subsection 4.2. Examples of groups satisfying the
hypotheses of Theorem B will be provided in Subsection 4.2. If, in addition, the
group G is also nilpotent, the structure of the group is very constrained. We will
classify those groups in Subsection 4.3
4.1. Hypothesis 4.1.1.
Hypothesis 4.1.1. Let G be a finite solvable group. Let χ ∈ Irr(G) be a faithful
character. Assume
(4.1.2) χχ = 1G +m1α1 +m2α2
where α1, α2 ∈ Irr(G) are non-principal characters, m1 and m2 are strictly positive
integers. Set Z = Z(G). Let λ ∈ Irr(Z) be the character such that [χZ , λ] 6= 0.
4.2. Derived length.
Lemma 4.2.1. Assume Hypothesis 4.1.1. Let N be a normal subgroup of G Then
χN ∈ Irr(N) if and only if N 6≤ Ker(α1) and N 6≤ Ker(α2).
Proof. Observe that
[(χχ)N , 1N ] = [1N+m1(α1)N+m2(α2)N, 1N ] = 1+m1[(α1)N , 1N ]+m2[(α2)N , 1N ].
Thus [(χχ)N , 1N ] = [χN , χN ] = 1 if and only if [(α1)N , 1N ] = 0 and [(α2)N , 1N ] = 0.
Therefore [χN , χN ] = 1 if and only if N 6≤ Ker(α1) and N 6≤ Ker(α2). Since
[χN , χN ] = 1 if and only if χN ∈ Irr(N), the result follows. 
Lemma 4.2.2. Let T be a finite group and Θ a character of T . Suppose that
T = R× S. Assume that Θ(g) = 0 if g ∈ T \R or if g ∈ T \ S. Then
(4.2.3) Θ(g) =
{
0 if g 6= 1,
Θ(1) otherwise.
Thus Θ is a multiple of the regular character.
Proof. Since Θ(g) = 0 for g ∈ T \ R and R ∩ S = 1, Θ(s) = 0 for all s ∈ S \ {1}.
Also Θ(t) = 0 for all t ∈ T \ S. Thus (4.2.3) holds. 
Lemma 4.2.4. Assume Hypothesis 4.1.1. Then either Ker(α1) = Z or Ker(α2) =
Z.
Proof. Assume that Ker(α1) 6= Z and Ker(α2) 6= Z.
Let R/Z be a chief factor of G, where R ≤ Ker(α1). Note that such an R exists
since Z = Ker(α1) ∩ Ker(α2) by Lemma 3.1.2, and Ker(α1) 6= Z by assumption.
Observe also that R 6≤ Ker(α2). Similarly, let S/Z be a chief factor of G such that
S ≤ Ker(α2). Set T = RS. Since Ker(α1)∩Ker(α2) = Z, we have that R∩S = Z.
Hence T 6≤ Ker(α1) and T 6≤ Ker(α2). By Lemma 4.2.1, we have that χT ∈ Irr(T ).
Since S/Z is a chief factor and T = RS with R ∩ S = Z, we have that T/R is a
chief factor of G. Let ψ ∈ Irr(R) be such that [χR, ψ] 6= 0. By Theorem 6.18 of [5]
one of the following holds
a) χR = ψ.
b) χR = e1ψ for some ψ ∈ Irr(R) and some integer e1 > 0 such that e1
2 = |T : R|.
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c) ψT = χT .
Observe that χR = ψ can not hold since R ≤ Ker(α1) and Lemma 4.2.1. Observe
also that b) and c) imply that χ(g) = 0 if g ∈ T \ R. Similarly, we can check that
χ(g) = 0 if g ∈ T \ S. Since R/Z, S/Z are chief factors of G, they are elementary
abelian. Thus we have
χχ(e) =


0 if e ∈ T \R
0 if e ∈ T \ S
χ(1)2 if e ∈ R ∩ S = Z.
Recall that R and S are normal subgroups of G with R ∩ S = Z and T = RS.
Then we have that T/Z = R/Z × S/Z. By Lemma 4.2.2 we have that χχ is a
multiple of the regular character of RSmodZ, i.e. the regular character of RS/Z
inflated to RS. Thus χ(1)2 ≥ |T : Z|. Since χT ∈ Irr(T ) and Z = Z(G), we
have that χ(1)2 ≤ |T : Z|. Therefore (χχ)T = 1
T
Z is the regular character of
T modZ. Because all the characters of Irr(T modZ) are linear, and thus appear
with multiplicity 1 in 1TZ , and (χχ)T = 1
T
Z , we have that m1 = m2 = 1.
Observe that
[(χχ)R, 1R] = [((χχ)T )R, 1R]
= [(1TZ)R, 1R] = |T : R|.
Recall that R ≤ Ker(α1) and R 6≤ Ker(α2). Applying (4.1.2) we get that
1 + α1(1) = [(χχ)R, 1R] = |T : R|.
Similarly we can check that
1 + α2(1) = |T : S|.
Thus
χ(1)2 = |T : Z| = 1+ α1(1) + α2(1) = |T : R|+ |T : S| − 1.
Because T = RS and R ∩ S = Z, we have that |T : S| = |R : Z|. Observe that
|T : Z| = |T : R||R : Z|.
So we get
|T : R||R : Z| = |T : R|+ |R : Z| − 1.
Therefore
(|T : R| − 1)(|R : Z| − 1) = 0.
This is impossible since neither |T : R| nor |R : Z| is 1. Thus either Ker(α1) = Z
or Ker(α2) = Z. 
We are going to describe how G looks, depending on Ker(α1) and Ker(α2).
Proposition 4.2.5. Assume Hypothesis 4.1.1. Assume also that
Ker(α1) = Ker(α2) = Z.
Let E/Z be a chief factor of G. Then E/Z is a fully ramified section with respect
to χE and λ. Furthermore G/E acts faithfully and symplectically on E/Z, with 2
orbits on (E/Z)#. Thus dl(G) ≤ 18. Also m1 = m2 = 1, χ(1)
2 = |E : Z| and χ(1)
is a power of a prime.
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Proof. By Lemma 4.2.1 we have that χE ∈ Irr(E). Since χE(1) 6= 1, E/Z is a
fully ramified section with respect to χE and λ. By Lemma 3.2.1 we have that
CG(E/Z(G)) = ECG(E) and E/Z has the structure of a symplectic vector space.
Since χ is a faithful character, we have that Z(χ) = Z(G) = Z. By Lemma 3.2.2
we have that CG(E) ≤ Z(χ) = Z. Thus CG(E/Z) = E. We conclude that G/E
acts faithfully and symplectically on E/Z.
Since E/Z is a fully ramified section with respect to χE and λ, we have that
(4.2.6) (χχ)E = 1
Z
E .
In particular, χ(1)2 = |E : Z|. Since E/Z is a chief factor of a solvable group,
|E : Z| is a power of a prime number. Therefore χ(1) is a power of a prime number.
By (4.1.2) and (4.2.6) we have that
(4.2.7) 1ZE = (χχ)E = (1G +m1α1 +m2α2)E = 1E +m1(α1)E +m2(α2)E .
By Clifford Theory we have that the irreducible constituents of (α1)E form a G-
orbit. Similarly, the irreducible constituents of (α2)E form a G-orbit. If the ir-
reducible constituents of (α1)E are the irreducible constituents of (α2)E , then by
(4.2.7) G/E acts transitively on 1ZE \ 1E. Since χE is irreducible, by Lemma 3.3.2
and Theorem A it follows that χχ = 1G+α, where α ∈ Irr(G). Thus the irreducible
constituents of (α1)E and (α2)E form two distinct G-orbits. By (4.2.7), we have
that the number of orbits of G on Irr(EmodZ)# is 2. Therefore the number of
orbits of G on (E/Z)# is 2.
Since G/E acts faithfully and irreducibly on E/Z, with 2 orbits on (E/Z)#, by
Theorem 5.4 of [6] we have that dl(G/E) ≤ 16. Therefore dl(G) ≤ 16 + 2 = 18.
Observe that m1 = m2 = 1 by Lemma 3.1.3. 
Remark. We will give an example of a group satisfying the hypotheses of
Proposition 4.2.5 in Proposition 4.3.3.
Proposition 4.2.8. Assume Hypothesis 4.1.1. Then the order of G is even.
Proof. Let λ ∈ Irr(Z) be such that [χZ , λ] 6= 0. Let E/Z be a chief factor of G.
If 2
∣∣ χ(1), then |G| has to be even since χ(1) ∣∣ |G|. So we may assume that χ(1)
is an odd number.
If αi is a real character, for some i, then G contains a conjugacy class with
elements of order 2. Thus G has to be of even order. We may assume that α1 and
α2 are not real characters.
Since χχ is a real character and α1 and α2 are not real characters, by (4.1.2)
we conclude that α1 = α2. Thus Ker(α1) = Ker(α2) and α1(1) = α2(1). Since
Z = Ker(α1)∩Ker(α2) by Lemma 3.1.2, we conclude that Ker(α1) = Ker(α2) = Z.
Thus by the previous Lemma, χ(1) is a power of an odd prime and m1 = m2 = 1.
In particular 4 divides χ(1)2 − 1.
By (4.1.2) we have that
χ(1)2 = 1 + 2α1(1).
Thus 2α1(1) = χ(1)
2 − 1. Since 4 divides χ(1)2 − 1, we must have that 2 divides
α1(1). By Hypothesis 4.1.1 we have that α1 ∈ Irr(G). Thus 2 divides the order of
G. 
Proposition 4.2.9. Assume Hypothesis 4.1.1. Assume also that K = Ker(α1) is
an abelian group properly containing Z. Let θ ∈ Irr(K) be such that [χK , θ] 6= 0.
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Denote by Gθ = {g ∈ G|θ
g = θ} the stabilizer in G of θ. Let L/K be a chief factor
of G. Then
(i) Ker(α2) = Z.
(ii) G = GθL and Gθ ∩ L = K.
(iii) Gθ/K acts faithfully and irreducibly on L/K, and transitively on (L/K)
#.
In particular, dl(G) ≤ 6 and χ(1) is a power of a prime. Also m1 = 1.
Proof. Since Ker(α1) 6= Z, by Lemma 4.2.4 it follows that Ker(α2) = Z.
By Lemma 4.2.1 we have that χL ∈ Irr(L). Since χK is reducible, K is abelian
and Z(χ) = Z 6= K, by Theorem 6.18 of [5] we have that χL = θ
L and that Gθ < G.
By Clifford theory it follows that χ is induced from an irreducible character of Gθ.
By Exercise 5.7 of [5], we have that G = GθL. Since L/K is an abelian group,
Gθ ≥ K and G = GθL, we have that Gθ ∩ L is a normal subgroup of G containing
K. Observe that χGθ is reducible since χ is induced from some character of Gθ
and Gθ < G. Thus χGθ∩L is a reducible character, since Gθ ∩ L ≤ Gθ. Because
K ≤ Gθ ∩ L ≤ L, Gθ ∩ L is a normal subgroup of G and L/K is a chief factor
of G, we have that either Gθ ∩ L = L or Gθ ∩ L = K. If Gθ ∩ L = L then
G = GθL = Gθ < G. Thus Gθ ∩ L = K.
Observe that CG(L/K) is a normal subgroup of G that contains L. Set C =
CG(L/K). Since G = GθL, we have that C = (C∩Gθ)L. Observe that C∩Gθ E Gθ
and [C ∩ Gθ, L] ≤ [C,L] ≤ K. Thus C ∩ Gθ ≤ Gθ is a normal subgroup of G. If
C 6= L then C ∩ Gθ ≤ Gθ is a normal subgroup of G that properly contains K.
Thus χC∩Gθ ∈ Irr(C ∩Gθ) by Lemma 4.2.1. This can not be because χ is induced
from some character of Gθ and C ∩ Gθ ≤ Gθ < G. Thus C ∩ Gθ = K and
C = L. Therefore Gθ/K acts faithfully on L/K. Also Gθ/K acts irreducibly on
L/K since G = GθL acts irreducibly on the chief factor L/K, L = C = CG(L/K)
and C ∩Gθ = K.
By Lemma 3.1.1 we have that
(4.2.10) (χχ)L = 1
L
K +Φ,
where Φ is either the zero function or a character of L, and [ΦK , 1K ] = 0. Also, by
(4.1.2) we have that
(4.2.11) (χχ)L = 1L + (m1α1)L + (m2α2)L.
Since Ker(α2) = Z < Ker(α1), we have that [(α2)K , 1K ] = 0. Thus by (4.2.10)
and (4.2.11) it follows that the irreducible constituents of (α1)L form the set
Irr(LmodK)#. It follows that G acts transitively on Irr(LmodK)#. Therefore G
acts transitively on (L/K)#.
Since CG(L/K) = L, we have that that G/L acts faithfully on L/K and transi-
tively on (L/K)#. Using Lemma 2.1.2, we can check that dl(G/L) ≤ 4. Since L/K
is a chief factor of G and K is abelian, it follows that dl(L) ≤ 2. We conclude that
dl(G) ≤ 6.
Since χL = θ
L and θ(1) = 1, we have that χ(1) = |L : K|. Observe that |L : K|
is a power of a prime since L/K is a chief factor of a solvable group. Thus χ(1) is
a power of a prime number. By Lemma 3.1.3 we have that m1 = 1. 
Remark. In Proposition 4.3.4, we will prove that for any prime p and any
nonzero positive integer m, there exist a group G and a character χ ∈ Irr(G) with
χ(1) = pm satisfying the hypotheses of Proposition 4.2.9.
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Lemma 4.2.12. Assume that G is a group such that F(G) is an extra-special group
of order 25, |F2(G)/F(G)| = 5 and G/F2(G) is a subgroup of the cyclic group of
order 2.
Then cd(G) ⊆ {1, 2, 4, 5, 8, 10}. Also, if α ∈ Irr(G) and α(1) = 8, then Ker(α) =
1.
Proof. Observe that Z(G) = Z(F(G)). Since F(G) is an extra-special group of
order 25, there exists a unique Λ ∈ Irr(F(G)) such that Λ(1) = 4. This Λ is a
G-invariant character. Since the p-Sylow subgroups of G/F(G) are cyclic for all
primes p, and Λ is a G-invariant character, we have that Λ extends to G. Observe
that cd(G/F(G)) ⊆ {1, 2}. Thus the degrees of the characters in Irr(G|Λ) lie in the
set {4, 8}, while those of Irr(GmodF(G)) lie in {1, 2}.
Let λ ∈ Lin(F(G)modZ(G))# be a linear character of F(G). Since F2(G)/F(G)
acts without fixed points on (F(G)/Z(F(G)))# , i.e on Lin(F(G))#, we have that λ
induces irreducibly to F2(G). If χ ∈ Irr(G) lies above λ, then χF(G) is the sum of
χ(1) distinct linear characters of F(G)modZ(G). Because of |G : F(G)| ∈ {5, 10},
we have that χ(1) ∈ {5, 10}. 
Proposition 4.2.13. Assume Hypothesis 4.1.1. Assume also that Ker(α1) is not
abelian. Let E/Z be a chief factor of G such that E ≤ Ker(α1). Let F2/E be the
Fitting subgroup of G/E. Then m1 = 1, m2 = 4, α1(1) = 3 and F2/E is isomorphic
to Q8. Also, one of the following holds
(i) χ(1) = 10, G/E ∼= SL(2, 3).
(ii) χ(1) = 14, G/E ∼= G˜L(2, 3).
Proof. SetK = Ker(α1). Let θ ∈ Irr(K) be a character such that [χK , θ] 6= 0. Since
K is nonabelian and χ is faithful, χK is a sum of G-conjugate nonlinear characters,
one of which is θ. Therefore θ(1) > 1.
Let λ ∈ Irr(Z) be such that [λ, θZ ] 6= 0. By Lemma 4.2.4 we have that Ker(α2) =
Z.
Claim 4.2.14. For any normal subgroup N of G such that Z < N ≤ K, we have
θN ∈ Irr(E). In particular
(4.2.15) Λ = θE ∈ Irr(E).
Proof. Suppose that θN is a reducible character. Then [θN , θN ] > 1. Since [χK , θ] 6=
0, we have that
[(χχ)N , 1N ] = [χN , χN ] > [χK , χK ] = [(χχ)K , 1K ].
Thus there exists an irreducible constituent α of χχ such that N ≤ Ker(α) andK 6≤
Ker(α). But the irreducible constituents of χχ are 1G, α1 and α2 and their kernels
are G, K and Z respectively. We conclude that θN is an irreducible character. 
Since θE is not a linear character, E/Z is a chief factor of G and Z = Z(G), the
section E/Z is fully ramified with respect to Λ and λ. Thus
(4.2.16) Λ is G-invariant and Λ(1)2 = |E : Z|.
Claim 4.2.17. CG(E/Z) = E. Thus G/E acts faithfully on the symplectic vector
space E/Z. Also G/E acts transitively on (Lin(E/Z))#, hence on (E/Z)#.
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Proof. We will first prove that CG(E) = Z. Observe that CG(E) is a normal
subgroup of G. Suppose that CG(E) 6= Z. If CG(E) ≤ K, by Claim 4.2.14 we
have that θCG(E) ∈ Irr(CG(E)). By Lemma 3.2.2 we have that
E ≤ CK(CG(E)) ≤ Z(θ).
Since Λ = θE ∈ Irr(E) and E ≤ Z(θ), it follows that Λ is a linear character.
Therefore θ(1) = 1. But θ(1) > 1. So we may assume that CG(E) 6≤ K. By
Lemma 4.2.1 we have that χCG(E) ∈ Irr(CG(E)). As before, by Lemma 3.2.2 we
have that
E ≤ CG(CG(E)) ≤ Z(χ) = Z < E,
a contradiction. Thus CG(E) = Z. By Lemma 3.2.1 we have that CG(E/Z) =
CG(E)E. Since CG(E) = Z, it follows that CG(E/Z) = E.
By (4.2.15) and (4.2.16) we have that E/Z is a fully ramified section with respect
to Λ and λ. Since Z = Z(G), we have
(4.2.18) (θθ)E = ΛΛ = 1
E
Z .
Since [Λ, (χ)E ] 6= 0, we have (χχ)E = 1
E
Z + Φ, where Φ is character of E. Since
K = Ker(α1) ≥ E and (4.1.2) holds we have
(χχ)E = (1G +m1α1 +m2α2)E
= (1 +m1α1(1))1E +m2(α2)E
= 1EZ + Φ.
By Clifford Theory, the irreducible constituents of (α2)E are G-conjugates. Thus
(Irr(EmodZ))# is a G-orbit. 
Claim 4.2.19. Set e2 = |E : Z| and G¯ = G/E. Then one of the following holds:
(i) e = 2, and either G¯ ∼= S3 or G¯ ∼= Z3.
(ii) e = 3, and either G¯ = Q8 or G¯ ∼= SL(2, 3).
(iii) e = 5 and G¯ ∼= SL(2, 3).
(iv) e = 7 and G¯ ∼= G˜L(2, 3).
(v) e = 9, F(G¯) is an extra-special group of order 25, |F2(G¯)/F(G¯)| = 5 and
G¯/F2(G¯) is a subgroup of the cyclic group of order 2.
Proof. This follows from Claim 4.2.17 and Theorem 2.2.1. 
Claim 4.2.20. Let e ∈ {2, 3, 5, 7}. Set Λ = (θ)E . Then Λ ∈ Irr(E), Λ(1) = e and
Λ extends to G, i.e. there exists Λe ∈ Irr(G) such that (Λe)E = Λ.
Proof. By (4.2.15) we have that Λ = θE ∈ Irr(E). By (4.2.18) we have that
Λ(1) = e.
Assume e = 2. Since the p-Sylow subgroups of G/E are cyclic for all primes p,
by Corollary 11.22 and Corollary 11.31 of [5] we have that Λ extends to G.
Assume now that e ∈ {3, 5, 7}. Observe that for primes p 6= 2, the p-Sylow
subgroups of G/E are cyclic. If we can prove that Λ extends to ET , where T is
a 2-Sylow subgroup of G, then Λ would extend to G (see Corollary 11.31 of [5]).
In our situation we have that either TE/E ∼= Q8 or TE/E ∼= Q16. It follows
from the example on page 301 of [2] that H2(Q8,C) = 1 and H
2(Q16,C) = 1.
By Proposition 11.45 of [2] this implies that Λ extends to ET . Thus Λ extends to
G. 
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Claim 4.2.21. Let e ∈ {2, 3, 5, 7}. Let Λe ∈ Irr(G) be an extension of Λ ∈ Irr(E).
Then
(4.2.22) χ = Λeψ
for some ψ ∈ Irr(GmodE). Also
(i) ΛeΛe = 1G + α2.
(ii) ψψ = 1G + α1.
(iii) α1α2 = α1(1)α2 and m2 = 1 + α1(1).
Proof. Since [Λ, χE ] 6= 0 and Λ extends to Λ
e ∈ Irr(G), by Corollary 6.17 of [5]
there exists ψ ∈ Irr(GmodE) such that (4.2.22) holds.
Observe that Ker(Λe) ≤ E since Λe is an extension of Λ and G/E acts faithfully
on E/Z (see Claim 4.2.17). Since χ is faithful and Ker(Λe) ≤ E, by (4.2.22) we
have that Ker(Λe) = Ker(χ) ∩ E = 1. Thus Λe is a faithful character of G, E/Z
is a chief factor of G, where Z = Z(G), and G/E acts on (E/Z)# transitively (see
Claim 4.2.17). By Lemma 3.3.2, we conclude that
ΛeΛe = 1G + c1γ
for some γ ∈ Irr(G) and some integer c1. By Theorem A we have that c1 = 1. By
Lemma 3.1.2, we observe that
(4.2.23) Ker(γ) = Z.
Let ψψ = 1G +
∑η(ψ)
i=1 diδi, for some integers di > 0 and some distinct char-
acters δi ∈ Irr(G) for i = 1, . . . , η(ψ). Since ψ ∈ Irr(GmodE), we have that
δi ∈ Irr(GmodE) for all i. Observe
χχ = ΛeψΛeψ
= (ΛeΛe)(ψψ)
= (1G + γ)(1G +
η(ψ)∑
i=1
diδi)
= 1G + γ +
η(ψ)∑
i=1
diδi +
η(ψ)∑
i=1
diγδi
= 1G +m1α1 +m2α2
where the last equality is (4.1.2). Since Ker(δ1) ≥ E and Ker(γ) = Z 6≤ E by
(4.2.23), we have that γ 6= δ1. It follows that η(ψ) = 1.
Since Ker(δ1) ≥ E and Ker(γ) = Z < E, we have that Ker(γδ1) 6≥ E. Since
m1 = 1, Ker(α1) ≥ E and Ker(α2) = Z, it follows that δ1 = α1, γ = α2 and γδ is
a multiple of α2. Thus γδ = α1(1)α2. Therefore m2 = 1 + α1(1). 
Claim 4.2.24. Let e ∈ {2, 3, 5, 7}. Set H = Ker(ψ), where ψ ∈ Irr(GmodE) is as
in Claim 4.2.21. Let ZH/H = Z(G/H). Then there exists L E G such that L/ZH
is a chief factor of G. Also E < L, ψ(1)2 = |L : ZH | and one of the following holds
(i) ψ(1) = 2 and either G/L ∼= Z3 or G/L ∼= S3.
(ii) ψ(1) = 3 and either G/L ∼= Q8 or G/L ∼= SL(2, 3).
(iii) ψ(1) = 5 and G/L ∼= SL(2, 3).
(iv) ψ(1) = 7 and G/L ∼= G˜L(2, 3).
(v) ψ(1) = 9, F(G/L) is an extra-special group of order 25, |F2(G/L)/F(G/L)| =
5 and (G/E)/F2(G/L) is a subgroup of the cyclic group of order 2.
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Proof. By Claim 4.2.21 (ii), we have that ψ(1)2 = 1 + α(1) > 1. Thus ψ(1) > 1.
Since ψ is a faithful irreducible character of G/H and ψ(1) > 1, it follows that
G/H is not abelian. Therefore there exists a normal subgroup L of G such that
L/ZH is a chief factor of G.
Observe that ψ is a faithful and irreducible character of G/Ker(ψ) = G/H .
By Claim 4.2.21 (ii), it follows that η(ψ) = 1. Thus Theorem A implies Claim
4.2.24. 
Claim 4.2.25. e 6= 2.
Proof. Assume that e = 2. Then G/E ∼= S3 or G/E ∼= Z3 by Claim 4.2.19. By
Claim 4.2.24 we have that there exists L ⊳ G such that E < L and G/L is of the
form (i), (ii), (iii), (iv) or (v). In this case, G/L ∼= Z2 or G = L since the only
non-trivial normal subgroup of G/E ∼= S3 or G/E ∼= Z3 is Z3. And Z2 is not
among the possibilities given by Claim 4.2.24. So e 6= 2. 
Claim 4.2.26. e 6= 3.
Proof. Assume that e = 3. By Claim 4.2.19 we have that G/E ∼= Q8 or G/E ∼=
SL(2, 3). By Claim 4.2.24, we have that E < L, where L is a normal subgroup of G
such that F(G/L) is isomorphic to either Z3 orQ8. This is impossible if G/E ∼= Q8.
Thus G/E ∼= SL(2, 3), G/L ∼= Z3 and ψ(1) = 2. Let M be the normal subgroup of
G such that E < M and M/E = F(G/E) ∼= Q8. By Claim 4.2.21 (ii) we have that
α1(1) = 3 and α1 ∈ Irr(GmodE). Since α1 ∈ Irr(GmodE), G/E ∼= SL(2, 3) and
|G/M | = 3, we have that α1 is induced from a linear character ofM . In particular
(4.2.27) α1(g) = 0 for any g ∈ G \M.
Since e = 3, by Claim 4.2.20 we have that Λe(1) = 3. By Claim 4.2.21 (i) we
have that α2(1) = 8. Since M is a normal subgroup of G, (|G/M |, α2(1)) = 1, and
α2 ∈ Irr(G), by exercise 6.7 of [5] we have that (α2)M ∈ Irr(M). Thus (α2)M ∈
Irr(M modZ), (α2)M (1) = 8, E/Z is elementary abelian of order 9, |M/E| = 8
and E is a normal subgroup of G. By Clifford Theory we conclude that (α2)M is
induced from a linear character of E. Therefore
(4.2.28) α2(g) = 0 for any g ∈M \ E.
Since E is normal in G, while (α2)M ∈ Irr(M) is induced from a linear character
of E and α2(1) = 8, we have that (α2)E is the sum of 8 distinct linear characters
of E. Since α2 ∈ Irr(GmodZ) and |E/Z| = 9 and (α2)E is the sum of 8 distinct
linear characters of E, it follows that (α2)E = 1
E
Z − 1E . Therefore
(4.2.29) α2(g) = −1 for any g ∈ E \ Z.
By Claim 4.2.21 (iii) we must have that α1α2 = 3α2. By (4.2.27) and (4.2.28) we
have that α1α2(g) = 0 for any g ∈ G \ E. Thus
(4.2.30) α2(g) = 0 for any g ∈ G \ E.
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Therefore
[α2, α2] =
1
|G|
∑
g∈G
α2(g)α2(g)
=
1
|G|
∑
g∈E
α2(g)α2(g) +
1
|G|
∑
g∈G\E
α2(g)α2(g)
=
1
|G|
∑
g∈E
α2(g)α2(g) by (4.2.30)
=
1
|G|
∑
g∈Z
α2(g)α2(g) +
1
|G|
∑
g∈E\Z
α2(g)α2(g)
=
1
|G|
|Z|α2(1)
2 +
1
|G|
(|E| − |Z|) because α2 ∈ Irr(GmodZ) and (4.2.29)
=
82
|G/Z|
+
(9 − 1)
|G/Z|
since α2(1) = 8 and |E/Z| = 9
=
8× 9
24× 9
=
1
3
.
Since α2 ∈ Irr(G), we have that [α2, α2] = 1. But [α2, α2] =
1
3 6= 1. Thus this
case can not arise and e 6= 3. 
Claim 4.2.31. If e = 5 then ψ(1) = 2, α1(1) = 3, α2(1) = 24, m2 = 4 and
G/E ∼= SL(2, 3). This gives case (i) in Proposition 4.2.13.
Proof. By Claim 4.2.19 we have that G/E ∼= SL(2, 3). Analyzing the possibilities
given by Claim 4.2.24, we have that ψ(1) = 2. Thus by Claim 4.2.21 (ii) we have
that α1(1) = 3. Similarly, since Λ
e(1) = 5, it follows by Claim 4.2.21 (i) that
α2(1) = 24 and by (4.2.22) that χ(1) = ψ(1)Λ
e(1) = 10. By Claim 4.2.21 (iii) we
have that m2 = 1 + α1(1) = 1 + 3 = 4 and we are done. 
Claim 4.2.32. If e = 7 then ψ(1) = 2, α1(1) = 3, α2(1) = 48, m2 = 4 and
G/E ∼= G˜L(2, 3). This gives case (ii) in Proposition 4.2.13.
Proof. As in the proof of the previous claim, we have that ψ(1) = 2 and α1(1) = 3.
Since Λe(1) = 7, by Claim 4.2.21 (i) we have that α2(1) = 48. Since Λ
e(1) =
Λ(1) = 7, by Claim 4.2.21 (ii) we have that α2(1) = 48 and by (4.2.22) that χ(1) =
ψ(1)Λe(1) = 14. By Claim 4.2.21 (iii) we have that m2 = 1+α1(1) = 1+3 = 4. 
It remains to analyze the case when e = 9. We will use another approach to that
case. The reason is that H2(E,C) 6= 1 for an extra-special group E of order 25.
Thus the character Λ may not extend to G. We start with some statements about
χ, α1 and α2. Then we use that information to prove that e = 9 can not hold.
Since E ≤ K and K = Ker(α1), the restriction χE is reducible. Since E/Z is a
fully ramified section of G with respect to θE , we have that
(4.2.33) χ(1) = em where m ≥ 2.
Since E/Z is a fully ramified section of G with respect to θE and Z = Z(G),
χ(g) = 0 for all g ∈ E \Z. Thus χχ(g) = 0 = 1+α1(1)+m2α2(g) for all g ∈ E \Z.
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Therefore for all g ∈ E \ Z we have
(4.2.34) α2(g) = −
1 + α1(1)
m2
.
Recall that α2 ∈ Irr(G). So α2(g) is an algebraic integer for any g ∈ G. Since
1+α1(1)
m2
is a rational algebraic integer, it is an integer. Thus we conclude that
(4.2.35) m2 divides 1 + α1(1).
By (4.1.2) we have that
(4.2.36) α2(1) =
χ(1)2
m2
−
1 + α1(1)
m2
.
By (4.2.34) and (4.2.36) we have that
(α2)E = s 1
E
Z −
1 + α1(1)
m2
1E
for some integer s ≥ 1+α1(1)m2 . So
se2 −
1 + α1(1)
m2
= α2(1) =
m2e2
m2
−
1 + α1(1)
m2
.
Hence s = m2/m2. Therefore
(4.2.37) m2 divides m
2.
Since α2 ∈ Irr(G) and Ker(α2) = Z, we have that
(4.2.38) α2(1)
2 < |G : Z| and α2(1) divides |G : Z|.
Claim 4.2.39. Assume e = 9. Then E < K = Ker(α1). In particular, α1 is not a
faithful character of GmodE.
Proof. Suppose E = K. Observe that Z(F(G¯)) is a non-trivial cyclic group by
Claim 4.2.19 (v). Therefore there exists a cyclic chief factor H/E of G with H/E ≤
Z(F(G¯)). Since Λ ∈ Irr(E) is G-invariant and H/E is cyclic, Λ extends to H . We
are assuming that E = K = Ker(α1). Thus H 6≤ K, and H 6≤ Ker(α2). Hence
χH ∈ Irr(H) by Lemma 4.2.1. Since Λ extends to H , H/Z is cyclic and [χE ,Λ] 6= 0,
it follows that χE = Λ. By Claim 4.2.20 we have that Λ(1) = e. Thus χ(1) = e.
But that is a contradiction with (4.2.33). 
Claim 4.2.40. e 6= 9.
Proof. Assume that e = 9. By Claim 4.2.19 (v) we have that
(4.2.41) |G : Z| divides 10× 32× 81 = 25920.
By Claim 4.2.17, Claim 4.2.19 and Lemma 4.2.12 we have that α1(1) ∈ {1, 2, 4, 5, 8, 10}.
By Claim 4.2.39 and Lemma 4.2.12 we have that α1(1) 6= 8. Thus
(4.2.42) α1(1) ∈ {1, 2, 4, 5, 10}.
This and (4.2.35) imply that
(4.2.43) m2 ∈ {1, 2, 3, 5, 6, 11}.
Therefore
(4.2.44)
1 + α1(1)
m2
≤ 11.
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If m2 = 1, then by (4.2.33) and (4.2.36) we have that
α2(1) =
χ(1)2
m2
−
1 + α1(1)
m2
≥ 4× 81− 11 = 313.
But then α2(1)
2 ≥ 3132 = 97969 > 25920 ≥ |G : Z|. This is impossible by (4.2.38).
So m2 6= 1.
If m2 = 2, then by (4.2.35) we have that α1(1) = 1 or α1(1) = 5. By (4.2.37) we
have that 2 | m If m > 2 then m ≥ 4 and
χ(1)2
m2
=
m292
2
≥
42 × 92
2
= 8× 81.
Thus by (4.2.36) we have that α2(1) ≥ 8 × 81 − 3 and therefore α2(1)
2 > |G : Z|.
So we may assume that m = 2. Since α1(1) ∈ {1, 5} and m2 = 2, by (4.2.36) either
α2(1) = 2 × 81 − 1 = 161 or α2(1) = 2 × 81 − 3 = 159. But neither 161 nor 159
divides |G : Z|. Hence m2 6= 2.
Suppose m2 ∈ {3, 5, 6, 11}. By (4.2.37) we have that m2
∣∣ m2. Thus m ≥ 9.
Therefore
χ(1)2
m2
≥
9292
3
= 2187.
Thus α2(1) ≥ 2187 − 11 by (4.2.44) and (4.2.36). By (4.2.41) α2(1)
2 = 21762 >
25920 ≥ |G : Z|, a contradiction with (4.2.38). We conclude that m2 6∈ {3, 5, 6, 11}.
We have considered all the possible options given by (4.2.43) and we have showed
that none of them is possible. We conclude that e 6= 9. 
We have analyzed all the options given by Claim 4.2.19, so the proof is complete.

We summarize some of the information we obtained in the previous lemmas.
Theorem B. Assume Hypothesis 4.1.1. Then
(i) The order of G is even.
(ii) dl(G) ≤ 18.
(iii) Either Ker(α1) = Z or Ker(α2) = Z. If Ker(α1) and Ker(α2) are both
abelian subgroups, then χ(1) is a power of a prime number. Otherwise {m1,m2} =
{1, 4} and χ(1) ∈ {10, 14}.
Proof. The order of G is even by Proposition 4.2.8. Either Ker(α1) = Z or
Ker(α2) = Z by Lemma 4.2.4. Propositions 4.2.5, 4.2.9 and 4.2.13 imply (ii) and
(iii). 
4.3. Examples. In this subsection, we study examples of groups satisfying Hy-
pothesis 4.1.1.
Lemma 4.3.1. Let G be a finite group and E be a nonabelian subgroup. Assume
E/Z(G) is an abelian chief factor of G and G/E acts on (E/Z(G))# with 2 orbits.
Let χ ∈ Irr(G) be a faithful character. Assume also that χE ∈ Irr(E). Then
χχ = 1G + α1 + α2
where α1 and α2 are distinct irreducible characters of G and Ker(α1) = Ker(α2) =
Z(G).
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Proof. Set Z = Z(G). Let λ ∈ Irr(Z) be such that [λ, χZ ] 6= 0. Since χE ∈ Irr(E)
is a faithful character of E and E is not abelian, we have that χ(1) > 1. Thus χZ
is a reducible character. Since χE ∈ Irr(E), E/Z is an abelian chief factor, χZ is
a reducible character and Z = Z(G), we have that E/Z is a fully ramified section
with respect to χE and λ, and that χ(1)
2 = |E : Z|. Thus
(4.3.2) (χχ)E = 1
G
Z .
Since G acts on (E/Z(G))# with 2 orbits, G acts on Irr(EmodZ)# with 2 orbits.
By Clifford Theory we have that for any character α ∈ Irr(G), the irreducible
constituents of αE form a G-orbit. Let α1 ∈ Irr(G)
# be a character such that
[α1, χχ] = m1 6= 0. By Lemma 3.1.2 we have that Ker(α1) ≥ Z. Thus the irre-
ducible constituents of (α1)E lie in Irr(EmodZ)
#. Since G acts on Irr(EmodZ)#
with 2 orbits and the irreducible constituents of (α1)E form a G-orbit, there exists
δ ∈ Irr(EmodZ) such that [δ, (α1)E ] = 0. Then there exists a character α2 ∈ Irr(G)
such that [(α2)E , δ] 6= 0 and [α2, χχ] = m2 6= 0. Thus the irreducible constituents
of (α1)E and (α2)E form two distinct G-orbits of Irr(EmodZ)
#. Since G acts on
Irr(EmodZ)# with 2 orbits we conclude that those are the only distinct G-orbits
of Irr(EmodZ)#.
Since E/Z is an abelian chief factor of G, by (4.3.2) we have that the irreducible
constituents of χχ appear with multiplicity 1. Since the irreducible constituents of
(α1)E and (α2)E form two distinct G-orbits of Irr(EmodZ)
# and the irreducible
constituents of χχ appear with multiplicity 1, we have that α1 and α2 are all the
non-principal irreducible constituents of χχ and they appear with multiplicity 1.
Thus
χχ = 1 + α1 + α2.

Proposition 4.3.3. There exist a group G and a character χ ∈ Irr(G) such that
Hypothesis 4.1.1 holds and
Ker(α1) = Ker(α2).
Thus there exist a group G and a character χ ∈ Irr(G) satisfying the hypotheses of
Proposition 4.2.5.
Proof. Let E be an extraspecial group of order 27 and exponent 3. The 2-Sylow sub-
group of SL(2, 3) is isomorphic to the groupQ8 by Lemma 2.1.3. Thus SL(2, 3) con-
tains a cyclic group of order 4. Let H be a cyclic group of order 4. By Lemma 2.1.3
(i) and Lemma 3.3.1, we may assume that H is a subgroup of Aut(EmodZ(E)).
We can check that H acts on (E/Z)# with 2 orbits of the same size.
Set G = E ⋊ H . Observe that E/Z(E) is an abelian chief factor of G. Also
observe that G/E acts faithfully on E/Z(E), and with 2 orbits on (E/Z(E))#.
Let Λ ∈ Irr(E) be a character of degree 3. Observe that Λ is G-invariant. Since
(|H |, |E|) = 1 and Λ is G-invariant, we have that Λ extends to G. Let χ ∈ Irr(E)
be an extension of Λ. Observe that the hypotheses of Lemma 4.3.1 hold for G and
χ. Thus the result follows from Lemma 4.3.1. 
Proposition 4.3.4. Let p be a prime number and m > 0 an integer. Then there
exist a solvable group G and a character χ ∈ Irr(G) such that χ(1) = pm and the
hypotheses of Proposition 4.2.9 hold. Also, there exist a supersolvable group G and
a character χ ∈ Irr(G) such that χ(1) = p and the hypotheses of Proposition 4.2.9
hold.
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Proof. Let GF(q) be a finite field with q elements, where q = pm. Denote by F ∗ the
group of units of GF(q). Also denote by F the additive group of GF(q). Observe
that F ∗ acts on F by multiplication.
Define M to be the semi-direct product F ⋊ F ∗ of F by F ∗. Thus, for any
f1, g1 ∈ F and f2, g2 ∈ F
∗, we have
(g1 ⋊ g2)(f1 ⋊ f2) = (g1 + g2f1)⋊ g2f2.
Observe that if m = 1 the group M is a cyclic by cyclic group and thus is super-
solvable.
Set X = GF(q). For any f1 ⋊ f2 ∈M and x ∈ X , define
(f1 ⋊ f2)(x) = f1 + f2x.
We can check that this defines an action of M on the set X . We can also check
that 0 ∈ X is fixed by F ∗.
Let C be a cyclic group of order p. Set
K = CX = the set of all functions from X to C.
Observe that K is just an elementary abelian group of order p|X|. We can check
that
(fm)(x) = f(mx),
for any m ∈M and x ∈ X , defines an action of M on K.
Let G be the wreath product of C and M relative to X , i.e. G = K ⋊ M .
Observe that if m = 1, then the group G is a supersolvable group.
Let λ ∈ Irr(C)# be a character. Choose θ0 ∈ Irr(K) so that we have, for all
k ∈ K,
θ0(k) = λ(k(0)), where 0 = 0F ∈ X.
Since 0 = 0F ∈ X is fixed by F
∗, the stabilizer of θ0 in G is Gθ0 = K ⋊ F
∗. We
can check that θ0 extends to Gθ0 . Let θ0
e ∈ Irr(Gθ0) be an extension of θ0. Set
(θe0)
G = χ. By Clifford theory we have that χ ∈ Irr(G). Observe that χ(1) = q
since Gθ0 = F
∗K and θ0 extends to Gθ0 . Since θ0
e ∈ Irr(Gθ0) is an extension of θ0
and (θe0)
G = χ, we have that [χK , θ0] = 1. We can check that
χK =
∑
x∈X
θx
where θx(k) = λ(k(x)) for all k ∈ K. Therefore
(χχ)K =
∑
x,y∈X
θxθy.
Since Gθ0 = K⋊F
∗, G = (K⋊F ∗)(K ⋊F ) and (K⋊F ∗)∩ (K ⋊F ) = K, we have
that χK⋊F = (θ0)
K⋊F ∈ Irr(K ⋊ F ). Thus χχ(g) = 0 for all g ∈ (K ⋊ F ) \K. We
can check that for any γ ∈ Irr((K ⋊ F )modK),
(4.3.5) [γ, (χχ)K⋊F ] 6= 0.
We can check that α1 = γ
G ∈ Irr(G). Since |G : K ⋊ F | = |F ∗| = q − 1, we have
that α1(1) = q − 1 . Observe that (4.3.5) implies
(4.3.6) [α1, χχ] 6= 0.
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Define δ = θ0θ1. Observe that θx(1) = 1 for all x ∈ X . Therefore δ ∈ Irr(K). Since
0 and 1 are not fixed simultaneously by any non-trivial element of M , we have that
Gδ = K. Thus δ
G = α2 ∈ Irr(G). Observe that
(4.3.7) [α2, χχ] 6= 0
since [δ, (χχ)K ] 6= 0. Observe that α2(1) = q(q − 1) = |G : K|.
Observe that χ(1) = q, α1(1) = q− 1, α2(1) = q(q− 1), (4.3.6) and (4.3.7) imply
χχ = 1G + α1 + α2.

Proposition 4.3.8. There exist a solvable group G and a faithful character χ ∈
Irr(G) such that χ(1) = 10 and
χχ = 1G + α1 + 4α2,
where α1, α2 ∈ Irr(G), α1(1) = 3 and α2(1) = 24. Thus there exist a group G and
a character χ ∈ Irr(G) satisfying the conditions in case (i) of Proposition 4.2.13.
Proof. Let E be an extra-special group of order 53 and exponent 5. Then E/Z(E)
is an elementary abelian group of order 25. By Lemma 2.1.3 (iv) there exists a
subgroup H of SL(2, 5) isomorphic to SL(2, 3). Assume H acts on the vector space
E/Z(E) in the natural way. We can check that in fact H acts on (E/Z(E))#
regularly and transitively. By Lemma 2.1.3 (i), we have that Sp(2, 5) ∼= SL(2, 5).
By Lemma 3.3.1, there exists a exact sequence
0→ Inn(E)→ Aut(EmodZ(E))→ Sp(2, 5)→ 0.
Since Sp(2, 5) ∼= SL(2, 5), we may assume that H acts on E. Define G = E ⋊H to
be the semi-direct product of E by H . Then Z(G) = Z(E).
Let Λ ∈ Irr(E) be a non-linear character. Observe that Λ is G-invariant. Since
H acts on E with coprime action, Λ extends to G, i.e, there exists φ ∈ Irr(G) such
that φE = Λ. Let γ ∈ Irr(GmodE) be a character of degree 2. Set χ = φγ. Then
χ ∈ Irr(G) and χ(1) = 10.
Observe that χ(e) = 0 for any e ∈ E \ Z(E).
Let δ ∈ (Lin(EmodZ))#. SinceH acts on (E/Z(E))# regularly and transitively,
δ induces irreducibly. Let α2 = δ
G ∈ Irr(G). Observe that α2(1) = 24. Also
α2(g) = 0 if g ∈ G \ E. Thus
[χχ, α2] =
1
|G|
∑
g∈G
(χχ)(g) α2(g)
=
1
|G|
[
∑
g∈G\E
(χχ)(g) α2(g) +
∑
g∈E\Z(G)
(χχ)(g) α2(g) +
∑
g∈Z(G)
(χχ)(g) α2(g)]
=
1
|G|
∑
g∈Z(G)
(χχ)(g) α2(g) = 4.
We can check that γγ = 1 + α1, where α1(1) = 3 and α1 ∈ Irr(GmodE). Thus
[χχ, α1] = [χ, χα1]
= [φγ, φγα1]
= [φγγ, φα1] = 1
where the last inequality is since [γγ, α1] = 1.
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Thus χχ = 1G+α1+4α2, since (χχ)(1) = 10
2 = 1+3+96 = 1+α1(1)+α2(1). 
Proposition 4.3.9. There exist a solvable group G and a faithful character χ ∈
Irr(G) such that
χχ = 1G + α1 + 4α2
where α1, α2 ∈ Irr(G), χ(1) = 14, α1(1) = 3 and α2(1) = 48. Thus there exist
a group G and a character χ ∈ Irr(G) satisfying the conditions in case (ii) of
Proposition 4.2.13.
Proof. Let E be an extra-special group of order 73 and exponent 7. Observe that
E/Z(E) is an elementary abelian 7-group. By Lemma 2.1.6, we may regard G˜L(2, 3)
as a subgroup of SL(2, 7). By Lemma 2.1.3 and Lemma 3.3.1, we may assume that
G˜L(2, 3) acts on E. Define G to be the semi-direct product E ⋊ G˜L(2, 3) of E by
G˜L(2, 3). We can check as before that there exists a faithful character χ ∈ Irr(G)
satisfying the conditions of the proposition. 
4.4. Dihedral and nilpotent groups. Using the character table of the dihedral
group of order 2m with m > 3, we can check that dihedral groups have characters
χ that satisfy Hypothesis 4.1.1. Observe that therefore the index |G : Z(G)| is not
going to be bounded as it was in the case where χχ = 1G +mα. We are going to
see now that this is, in some sense, the general case whenever we are working with
nilpotent groups.
Theorem 4.4.1. Assume Hypothesis 4.1.1. Assume also that G is nilpotent. Then
m1 = m2 = 1, χ(1) = 2
and G/Z(G) is isomorphic to a dihedral 2-group.
Proof. By Lemma 4.2.4, either Ker(α1) = Z or Ker(α2) = Z. Since the chief factors
of a nilpotent group are cyclic of prime order, we have by Propositions 4.2.5, 4.2.13
and 4.2.9 that either Ker(α1) 6= Z and Ker(α1) is abelian, or Ker(α2) 6= Z and
Ker(α2) is abelian. Without lost of generality we may assume that Ker(α1) 6= Z is
an abelian group and Ker(α2) = Z.
We use now the notation of Lemma 4.2.9. Then |G : Gθ| = |L : K| is a prime
number. Since G is nilpotent, Gθ is a normal subgroup of G. Observe that K ≤ Gθ.
If Gθ 6= K, then χGθ ∈ Irr(Gθ) by Lemma 4.2.1. But this can not be since χ = χ
G
θ
and Gθ < G. Thus Gθ = K and so G = L.
Since K = Ker(α1) is abelian and |G : K| = p is a prime number, α1(1) = 1
and either α2(1) = 1 or α2(1) = p. Assume that α2(1) = 1. Since Ker(α2) = Z,
the group G/Z is cyclic. Since Z = Z(G) and G/Z is cyclic, it follows that G is an
abelian group. Thus χ(1) = 1. But then χ can not satisfy (4.1.2). So α2(1) 6= 1.
We conclude that α2(1) = p.
Since χ and α2 are induced from characters of K, we have χ(g) = α2(g) = 0 for
all g ∈ G \K. Thus α1(g) = −1/a1 = −1 for all g ∈ G \K. Since G/K is a cyclic
group of order p, α1(g) = −1 for all g ∈ G \K and α1(1) = 1, we must have that
p = 2. Since χ(1) = p, α2(1) = p and χ(1)
2 = 1 + α1(1) +m2α2(1), we conclude
that m2 = 1.
We want to see now that G/Z is isomorphic to a dihedral 2-group. Let χK =
θ1 + θ2 and (α2)K = γ1 + γ2, where θ1, θ2, γ1, γ2 ∈ Irr(K), θ1 6= θ2 and γ1 6= γ2.
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This holds because χ and α2 are induced from characters of the abelian normal
subgroup K and |G : K| = 2. Then by (4.1.2) we have that
χKχK = (θ1 + θ2)(θ1 + θ2)
= 2 1K + θ1θ2 + θ1θ2
= 2 1K + (α2)K
= 2 1K + γ1 + γ2.
Choose γ1 = θ1θ2 and γ2 = θ1θ2. Observe that θ1θ2 = θ1θ2. Thus γ1 = γ2. If γ1 is
a real character, then γ1 = γ1 = γ2. But γ1 6= γ2. Therefore γ1 and γ2 are not real
characters.
Since γ1 is a linear character, it follows that (γ1)
−1 = γ1 = γ2. In particular
Ker(γ1) = Ker(γ2). Therefore Z = Ker(α2) = Ker(γ1) ∩Ker(γ2) = Ker(γ1). Since
γ1(1) = 1 , the group K/Z is cyclic. Let x¯ be a generator of K/Z. Let y be
a coset representative of G \ K. Since (θ)K = γ1 + γ2, γ1 6= γ2 and y is a coset
representative of G\K, by Clifford theory it follows that (γ1)
y = γ2. Since γ
y2
1 = γ1,
γy1 = γ2 = (γ1)
−1 and γ1 ∈ Irr(KmodZ) is a faithful character, we have that
(4.4.2) y¯x¯y¯−1 = x¯−1.
Thus G/Z is either isomorphic to the dihedral group or to the generalized quater-
nion group. If G/Z is isomorphic to the generalized quaternion group, then G is
a non-split central extension of a cyclic group by a generalized quaternion group.
But that can not be since H2(Q2n ,C) = 1 for any n ≥ 3 (see example in page 301
of [2]). Thus G/Z is isomorphic to the dihedral 2-group and the proof is complete.

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